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Abstract. We consider a class of orthonormal quasi-wavelets and introduce quasi-wavelet
method for solving Fredholm integral equations of the second kind in complex plane. We
analyze the convergence of the anti-periodic quasi-wavelet method for solving linear
Fredholm integral equation. The high accuracy and the wide applicability of APQWSs
approach is demonstrated with numerical example.
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1. Introduction

There are some problems in physics [4] which lead to the integral equation of
the second kind

u(x)=f (x)+j02”k(x,t)u (t)dt, O<x<2r (1)

where k and f are continuous complex anti-periodic functions and uis an
unknown complex function to be found.

While several numerical methods for approximating the solution of real integral
equations with high accuracy are known [1,7,6], for complex one only a few
methods are considered [2].

Wavelet analysis is a new branch of mathematics and has made a great impact
on science and engineering in the past decade [5]. For many unsteady and localized
problems, wavelet analysis is superior to Fourier analysis, due to its time-frequency
localization. As a result, wavelet analysis is widely applied to many scientific and
engineering fields, including signal processing, image manipulation, and solution
of differential equations [9]. Based on the multi-resolution analysis [9,10], Quasi-
wavelets have much better localized property than their original wavelets.

In this paper we describe a numerical scheme using anti-periodic quasi wavelets
(APQWs) for solving Eq. (1). The theory of APQWs based on B-spline functions is
found in [3, 4].

The main characteristic of our method is to convert integral equation (1) into an
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algebraic system by expanding the unknown function in terms of APQWSs with

unknown coefficients.

2. Preliminary
By Denoting L-[0T J:= {f ‘j; If (x )|2dx <oof (x)=f (x +T )}

L.[oT }::{f I G dx <onf (x)=1 (x +T )}
The inner product of two functions f and g in Iiz[O,T |is defined by

(FL0)= [ (x)a (x o
Definition 1. The periodic B-spline function is defined by
B (X ) =B/ (X h, ) :(_1)M ( Yiina = )[y' v Y ]y (X -y )2
And the space of periodic splines is spanned by the B—spllnes, that is,
v, =span (B1” (x) =B, (x)+BJ7,., (x), x e[0.27], K (m)=3"k|

i+K

)

(3)

(4)

Q)

—n.m K(m)—l' ) o
{B. (x )}‘ is a basis of Vv _, but it is not orthogonal. We construct an orthogonal

basis for Vv , . For this purpose, we define
Definition 2.

ALE ()=Cm (k ()" 3 (

k
V2| (vk(m)

im)] exp(i (k +vk (m))x )

k)iz

c {to+2282”*1m (4.1)cos(Avh; )} ’

K (m)-1

Lemma 1. The set of functions {A"{" (x)} "is an orthonormal basis for v/,

We have the following 3-scale equations
Avn,ém (X ) =&y A/n,3m+l(x )+6\/,v+k(m Avn+r|?(+nl1)3( )+av,v +2k(m)Avn:;k+(1m),3 (X )

& y+ak(m) =< nm Avn+r2k+1 )3> for 1=0,1,2
Proof: See [2]
Definition 3.

(6)

()
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-3 1 A_n,m+1

j,j+k(m)aj,jqjA?,é[n+l(x)+qf (mya (%)
j
—3 . a CAMMEL 0<j<k(m)-1
D,nam (x): Jhj+k(m) J,J+2k(m)qJ j+2k(m),3( ) ] ( ) (8)

i (m),j+k (m)d] —k(m)AFLrIT:Err:w),S (x)

&y (), (m) ok (m)P tk(mya (X) k(M) < <2k (m)-1
Where

1
+ als
a; =< Ain?’m’A;'lam 1 >, Ok :[l/[l_‘ak,kJrk(m)‘ ji| (9)

k(m)-

2 1. .
Lemma 2. {D]']" (x )}j=0 is an orthonormal basis forw,, ,and v, ,, =V, &W,, ,

where W, is the orthogonal complementary space of vV, in V
Proof: See [3].

m+l*

3. Anti-periodic quasi-wavelets

In this section, we review the APQW:s in the framework of the recursive
periodic quasi- wavelets construction given in [4] based. A function f (x) is called

anti-periodic 7 if f (x +7)=—f (x)and the space of anti-periodic spline functions
is defined

1)f (X)Eﬂ'n if x €|:yvmlyvm+l)
V1 =1f [2)F ec™ ([0,7]) (10)

3)f (J)(X +7[):—f (J)(X) j =01,..n-1

. . n+1 h T
Where y' =yg +jhy,, j €Z, yg =-nghy, Mo =" hy, = h K Lez,
Definition 4.
. n.m ., n,m ., h,m ., n,m

Ei (x)=Bi (x)-Biam)(x), where Biwum) is the periodic extension of
—n,m
Bi+I(m)
L(m)-1

Lemma 3. {Ei”'”‘} is a basis of the spaceV 7, where E{"™ (x ) is the restriction

n,m

of Ei (x)on[0,27].
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Proof: See [3].
Definition 5.
a,j . 1 n,m n,m
AR (x) .:Z[AZ s (X) =AM (x = 7) | (11)
Lemma 4.

Az 0f

Proof: See [4].

l - - - -
is an is an orthonormal basis inV 2.

Definition 6.
- 1
DR (x):=——| i (X )~ D35 (x —7) (12)
Lemma 5.
2] 2L(m)-L . a a
{Dn;m (x )}j_o is an orthonormal basis in W where W7 is complementary

subspaceV 2 inV 2,

Proof: See [4].

We call AZ) the father anti-periodic quasi-wavelet and D) the mother anti-
periodic quasi-wavelet.

4. Solution of Fredholm integral equations of the second kind

In this section, the anti-periodic quasi-wavelets provided in previous section
are used to solve integral equation (1). The classic collocation method for
Fredholm integral equations of the second kind given in Eq. (1) consists of seeking

and approximating solution of the form
L(m)-1 )
Up = 2, CiATH (13)
j=0
If substituting, we find that
2z

r, (x):J.0 k (x,t)u, (t)dt +f (x)-u, (x) (14)
Where 1, (x )is the residual such that r, (x )=0 foru, (x)=u(x). Our goal is to
COMPULECy,Cy, -,y (4 - WE COMpUte ¢; such that r, (x; ) =0where {x; | is the set

of distinct collocation node points from [0,27] defined by x; =

L(m)-1"
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5. Convergence Analysis

We discuss the convergence of the anti-periodic quasi-wavelets method for the
linear Fredholm integral equations (1). For this purpose, firstly, we need the
following lemmas.

Lemma 6. Assume X =Y =L?[0,2z]and x be the integral operator associated
with kernel k (x,t). Let

M :U;”joz”|k (x,t)] dxdt F (15)

And assume M <1. Then operator | —x:Xx —X has a bounded inverse(l —K‘)il

Proof: forL. [0.T ], we use the Cauchy-Schwartz inequality
2r|p2m
[u? = [Tk (x (bt
27 (p2n 2 2 2
I a7 a0 = w2 <l

It shows that |« <1and then I —x:x —>X has a bounded inverse.
Lemma 7.

2
dx<

(16)

Let P,be a bounded projection operator of |:2[0,27z] to v _, for all
f eL.[0,27],
lim|f —P,f |, =0 (17)
Proof: See [4]. o

Lemma 8. Let X,y be Banach spaces, and x,:X —Y be a sequence of
bounded linear operators such that {x, (x )}

is convergent, for all x e X, then the convergence is uniform on compact subsets

of X.
Proof: See [1].
Lemma 9.

Let {P,} be a family of bounded projections on |iz[0,27z] with

P, (x)—>x, for x eL.[0,27] then
"K'—F)ml('"2 -0 as n — oo (18)
Proof: See [1].

Now we can show that the inverse of | —P x exits.
Lemma 10. Assume A:X —X is bounded, with X be a Banach space, and

50



H. BEIGLO et.al.: APQWSsIN COMPLEX PLANE ...

assume 1 —A:X —X is 1-1 and onto. Further assume||A —P,A|, — 0, then for all
sufficiently largen n >N , the operator (I - PnA)’1 exists. Moreover it is uniformly
bounded: sup (1 —PnA)71“<oo

Proof: See 7[8].

Corollary 1. Since the operator x satisfies in Lemma 10., therefore | —P, x has
bounded inverse. So, there exists a Constant M, independent of n such that

“ PK‘

Theorem 1. Assume that u_ isan apprOX|mate solution and u is the exact solution
of Eq. (1), then |u —u,[, -0
Proof: We have(l —P «)u, =P.f , then(l —P,x)(u—u,)=u—Pu
From Lemma 10. | —P,« is invertible for large n,so
u-u, =(1 -Px) (u-

“ -P K‘)_l

|(u -Pu )|| (19)

6. Numerical example

In this section we use a numerical example to test and show the efficiency and
accuracy of the proposed method. The computations associated with the examples
were performed using Mathematica 7.

Example 1. Consider the following Complex integral equation
u(x)=cos(x)+(i —x)sin( j sin(x )cos(t )u (t)dt (20)
With exact solution u (x ) =cos(x ) +i sm( ) that is a graph of circle in complex

plane. We used anti-periodic quasi-wavelet of ordern = 2. The results m =1,2 are
shown in Fig 1 and Tables 1 and 2.

=T
I e, 1 s .

il O ‘ Al S |
-1 0 1
Fig.1. Comparison between approximate and exact squtlon of example 1(@) for m=2; (b)

for m=1;

51



PROCEEDINGS OF IAM, V.5, N.1, 2016

(—4++ Approximate solution; ----- Exact solution)

Table 1.Numerical results for imaginary part of example 1

X Absolute errors  Absolute errors
for m=1 for m=2
1 3.58528x10 4.9154%x107°
2 2.150§ZXlO' 1.8847x10°
3 4.22097x10 4.528x10°
4 1.016278XIO' 4.073505><10'
5 3.205366Xl0 2.637?SXIO'
6 5.6325x107° 5.18777x10

Table 2.Numerical results for real part of example 1

X Absolute errors  Absolute errors
for m=1 for m=2
1 2.127§6XIO' l.326§3XIO
2 3.40295XIO' 1.69997XIO
3 1.8O4§9XIO' 2.065§3XI0
4 2.9898x10°° 9.895QIXIO
5 2.2688x10°° 7.959§2XIO
6 1.735§lXIO' 2.956}9XIO

Example 2. Consider the following Complex integral equation
u(x)=icos’(x)+Sin®(x )—i 5?ﬁsin(x )+f02”sin(x ) cos® (t Ju (t )dt (21)

With exact solution u(x)=cos’(x)+isin’(x). We used anti-periodic quasi-
wavelet of ordern =3. The results m =2 are shown in Figs 2, 3, 4 and Table 3.
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1
| P

. exact solution

/1N

] i

Fig.2. Comparison between approximate and exact solution of example 2;

5.x10715

i 1“ ‘|\

1,\ | :1”! W‘" m' il

—5.x10715
—14

-1.x10

Fig.3. Absolute values of errors for real part of example 2;

)

5.x10715

Al

-5.x10713
!

Fig.4. Absolute values of errors for imaginary part of example 2;
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Table 3.Numerical results for Absolute values of errors for Example2.

X Absolute Absolute
errors for errors for real
imaginary part part
1 3.2752 1.2212
x 10715 x 1071°
2 4.6629x10715 2.7756x1071°
3 1.9984x10~1> 7.6848x10716
4 2.7201x10715 2.2205x10716
5 1.131x10715  1.1102x10715
6 2.8866x10715 1.4225x1071°
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Kompleks miistavido APQW va onun inteqral Fredqolm tanliklarina tatbiglori
H. Beigl, M. Gachpazan, M. Erfanian
XULASO

Ortonormal kvazi-dalgalar sinfino baxilir vo kompleks miistovido ikinci nov
Fredholm tonliklarina totbiq edilmok tiglin kvazi-dalgalar tisulu toklif edilir. inteqral xatti
Fredholm tonliklori ti¢lin olan anti-periodik dalga {isulunun yigilmasi todqiq edilir. APQW
iisulunun yiiksok doqiqliyi va totbiglori misallar vasitasilo niimayis etdrilir.

Acar sozlar: Fredholm inteqral tonliyi, antiperiodik kvazi dalgalar, xollokasiya
metodu, kompleks miistovi.

APQWS B KOMIJIEKCHO# MJIOCKOCTH: IPUMEHEHHEe K HHTEerPaJbHbIM
ypaBHeHusiMm @pearosabma

H. Beigl, M. Gachpazan, M. Erfanian

PE3IOME

PaccMoTpuBaeTcsi KjacC OPTOHOPMHPOBAHBIX KBa3H-BEHBIETOB W Mpeljiaraercs
METOJI KBa3W-BEHUBIETOB JJISl PEIIEHUS WHTETPAIBbHBIX ypaBHEHH Dpearonbma BTOPOTO
poJia B KOMIUIEKCHOW IIJIOCKOCTH. MBI aHATU3UPyeM CXOJIUMOCTb aHTH-TIEPHOINYECKOTO
METOJla KBa3U-BEWBNETOB I pEUICHUS JIMHEWHOTO HWHTETPAJIBbHOTO  YPaBHEHHS
Openronsma. Brwicokass TowHOCTH ® Imupokas mnpuMeHuMocTh APQWS moaxona
MIPOIEMOHCTPUPOBAHA YHCICHHBIM IIPUMEPOM.

KiroueBble ci1oBa: mHTETpanbHOE ypaBHeHHEe DpenronbMa; AHTH-TIEPHOINICCKIEC
KBa3u-BelBIETOB; MeTo 1 Komnokanui; KoMIiIekcHOH IIOCKOCTH.
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